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1 Êîìïëåêñíûå ÷èñëà è äåéñòâèÿ íàä íèìè.

1.04. Íàéòè äåéñòâèòåëüíóþ Re z è ìíèìóþ Im z ÷àñòè ñëåäóþùèõ êîìïëåêñíûõ ÷èñåë:

1. z =
1

1− i
. 2. z =

(
1− i

1 + i

)3

. 3. z =

(
1

2
− i

√
3

2

)3

. 4. z =

(
i5 + 2

i19 + 1

)2

.

5. z =
(1 + i)5

(1− i)3
. 6. z =

√
3 + 4i. 7. z =

√
2− 2i.

1.05. Äîêàçàòü, ÷òî ∣∣∣∣z1z2
∣∣∣∣ = |z1|

|z2|
, z2 ̸= 0.

1.06. Íàéòè ìîäóëè |z| è àðãóìåíòû Arg z ñëåäóþùèõ êîìïëåêñíûõ ÷èñåë (çàïèñàòü â ïîêàçàòåëüíîé
ôîðìå):

1. z = i. 2. z = −3. 3. z = 1 + i123. 6. z = − cos
π

7
+ i sin

π

7
.

8. z = (1 + i)8(1− i
√
3)−6. 9. z = 1 + cos

π

7
+ i sin

π

7
.

1.07. Äîêàçàòü ðàâåíñòâà:

4. Im z =
z − z̄

2i
. 10. zn = (z̄)n, n = 1, 2, 3 . . .

1.13. Äàòü ãåîìåòðè÷åñêîå îïèñàíèå ìíîæåñòâ âñåõ òî÷åê êîìïëåêñíîé ïëîñêîñòè, óäîâëåòâîðÿþùèõ
ñëåäóþùèì íåðàâåíòñâàì:

1. Re z > 0. 2. Im z < 1. 3. |Re z| < 1. 4. | Im z| < 1, 0 < Re z < 1. 5. |z| < 1. 6. |z − i| > 1.

8. 1 < |z − 1| < 3. 9. 0 < arg z <
π

4
. 10. |π − arg z| < π

4
. 11. 0 < Re(iz) < 1.

1.21.Âûÿñíèòü, êàêèå ìíîæåñòâà òî÷åê z êîìïëåêñíîé ïëîñêîñòè óäîâëåòâîðÿþò íåðàâåíñòâàì:

1. |z − i|+ |z + i| < 4. 2. Re
1

z
<

1

2
. 4. |z + 1| < |z − 1|. 7.

π

4
< arg(z + i) <

π

2
. 8. |z| > 1− Re z.

1.30. Äîêàçàòü, ÷òî òðè ïîïàðíî ðàçëè÷íûå òî÷êè z1, z2, z3 ëåæàò íà îäíîé ïðÿìîé â òîì è òîëüêî

â òîì ñëó÷àå, êîãäà âåëè÷èíà
z3 − z1
z2 − z1

äåéñòâèòåëüíà.

1.49. Îïèðàÿñü íà ôîðìóëó (eiφ)
n
= einφ, äîêàçàòü ôîðìóëó:

cosnφ =

[n/2]∑
k=0

(−1)kC2k
n cosn−2k φ sin2k φ.

1.57. Ïóñòü Re a = α, Im a = β. Äîêàçàòü, ÷òî ïðè β > 0 âñå ðåøåíèÿ óðàâíåíèÿ z2 = a äàþòñÿ
ôîðìóëîé

z = ±

√√α2 + β2 + α

2
+ i

√√
α2 + β2 − α

2

 ,

1



à ïðè β < 0 � ôîðìóëîé

z = ±

√√α2 + β2 + α

2
− i

√√
α2 + β2 − α

2

 .

2 Óñëîâèÿ Êîøè-Ðèìàíà. Ãàðìîíè÷åñêèå ôóíêöèè.

8.01. Íàéòè âñå òî÷êè, â êîòîðûõ äèôôåðåíöèðóåìû ôóíêöèè f(z) (z = x+ iy):

3. f(z) = |z|2. 4. f(z) = x2 + iy2. 5. f(z) = zRe z. 6. f(z) = 2xy − i(x2 − y2). 7. f(z) = z̄.

8.01à. Íàéòè äåéñòâèòåëüíûå ïîñòîÿííûå a, b, c, ïðè êîòîðûõ ôóíêöèÿ f(z) áóäåò àíàëèòè÷åñêîé:

1. f(z) = x+ ay + i (bx+ cy) . 2. f(z) = cosx (ch y + a sh y) + i sin x (ch y + b sh y) . (z = x+ iy)

8.02. Äîêàçàòü, ÷òî èç äèôôåðåíöèðóåìîñòè â òî÷êå z0 ôóíêöèé f(z) è g(z) ñëåäóåò äèôôåðåí-
öèðóåìîñòü â ýòîé òî÷êå ôóíêöèé F1(z) = f(z) + g(z), F2(z) = f(z)g(z), è F′

1(z0) = f ′(z0) + g′(z0),
F ′
2(z0) = f ′(z0)g(z0) + f(z0)g

′(z0).

8.06. Îïðåäåëèì ôóíêöèþ ez ïðè ëþáîì êîìïëåêñíîì çíà÷åíèè z ðàâåíñòâîì ez =
∞∑
n=0

zn

n!
. Äîêàçàòü,

÷òî ïðè ëþáîì êîìïëåêñíîì çíà÷åíèè ïîñòîÿííîé a ñïðàâåäëèâî ðàâåíñòâî (eaz)′ = aeaz.
8.07. Îïðåäåëèì ôóíêöèè sh z, ch z, sin z, cos z ðàâåíñòâàìè

sh z =
ez − e−z

2
, ch z =

ez + e−z

2
, sin z =

eiz − e−iz

2i
, cos z =

eiz + e−iz

2
.

Äîêàçàòü, ÷òî:

1. (sh z)′ = ch z. 2. (ch z)′ = sh z. 3. (sin z)′ = cos z. 4. (cos z)′ = − sin z.

8.08. Íàéòè, ãäå äèôôåðåíöèðóåìû ñëåäóþùèå ôóíêöèè f(z), è íàïèñàòü ôîðìóëû äëÿ èõ ïðîèç-
âîäíûõ:

2. f(z) = sin(2ez). 4. f(z) = ze−z. 5. f(z) =
ez

z
. 6. f(z) =

z cos z

1 + z2
.

8.23. Ïóñòü u, v � ïàða ñîïðÿæåííûõ ãàðìîíè÷åñêèõ ôóíêöèé â îáëàñòè D. Äîêàçàòü, ÷òî U , V
òàêæå îáðàçóþò ïàðó ñîïðÿæåííûõ ãàðìîíè÷åñêèõ ôóíêöèé â îáëàñòè D:

1. U = au− bv, V = bu+av. 4. U = eu cos v, V = eu sin v. 5. U = eu
2−v2 cos 2uv, V = eu

2−v2 sin 2uv.

8.30. Â ñëåäóþùèõ çàäà÷àõ äàåòñÿ îäíà èç ïàðû ñîïðÿæåííûõ ãàðìîíè÷åñêèõ ôóíêöèé u èëè v (âî
âñåé ïëîñêîñòè). Íàéòè âòîðóþ ôóíêöèþ ïàðû.

1. u = xy. 2. u = x2 − y2 + xy. 3. v = y cos y shx+ x sin y chx.

4. u = r φ cosφ+ r ln r sinφ (z = x+ iy = reiφ).

8.31. Íàéòè âñå ãàðìîíè÷åñêèå ôóíêöèè âèäà:

1. u = φ(x2 + y2). 2. u = φ(x2 − y2).

8.32. Íàéòè ãàðìîíè÷åñêóþ ôóíêöèþ, ñîõðàíÿþùóþ ïîñòîÿííîå çíà÷åíèå íà êàæäîé êðèâîé ñëå-
äóþùåãî ñåìåéñòâà êðèâûõ y = Cx.

8.51. Âîññòàíîâèòü ðåãóëÿðíóþ ôóíêöèþ f(z), âûðàçèâ å¼ ÷åðåç z (z = x+iy), ïî çàäàííîé ôóíêöèè:

1. Re f = x3 + 6x2y − 3xy2 − 2y3, f(0) = 0. 2. Re f = ex(x cos y − y sin y), f(0) = 0.

5. |f | = (x2 + y2)ex. 6. arg f = xy. 8. arg f = φ+ r sinφ (z = reiφ).
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3 Ãåîìåòðè÷åñêèé ñìûñë ïðîèçâîäíîé.

9.06. Ïóñòü êðèâàÿ C � ýòî ëó÷ arg(z − z0) = φ, âûõîäÿùèé èç òî÷êè z0. Íàéòè êîýôôèöèåíò ëè-
íåéíîãî ðàñòÿæåíèÿ R(φ) â òî÷êå z0 è óãîë ïîâîðîòà α(φ) â òî÷êå z0 äëÿ ýòîãî ëó÷à ïðè ñëåäóþùèõ
îòîáðàæåíèÿõ:

1. w = z2, z0 = 1. 2. w = z̄2, z0 = i.

4. w = 2z + iz̄, z0 = 0. 5. w =
z − z0
z + z0

(z0 ̸= 0).

9.09. Íàéòè ìíîæåñòâà âñåõ òåõ òî÷åê z0, â êîòîðûõ êîýôôèöèåíò ëèíåéíîãî ðàñòÿæåíèÿ ïðè ñëå-
äóþùèõ îòîáðàæåíèÿõ ðàâåí åäèíèöå:

1. w = z2. 3. w = z2 − 2z. 5. w =
1 + iz

1− iz
. 6. w =

az + b

cz + d
, ad− bc ̸= 0, c ̸= 0.

9.10. Íàéòè ìíîæåñòâà âñåõ òåõ òî÷åê z0, â êîòîðûõ óãîë ïîâîðîòà ïðè ñëåäóþùèõ îòîáðàæåíèÿõ
ðàâåí íóëþ:

1. w = iz2. 4. w =
i

z
.

9.14. Ïóñòü ôóíêöèÿ w(z) ðåãóëÿðíà â çàìûêàíèè D̄ îáëàñòè D, à D′ � îáðàç îáëàñòè D ïðè îòîáðà-
æåíèè w = w(z). Äîêàçàòü,÷òî åñëè îòîáðàæåíèå w = w(z) âçàèìíî îäíîçíà÷íî âD, òî ÿêîáèàí îòîáðà-
æåíèÿ ðàâåí |w′(z)|2, à äëÿ ïëîùàäè σ(D′) îáëàñòè D′ ñïðàâåäëèâà ôîðìóëà σ(D′) =

∫∫
D

|w′(z)|2 dx dy.

9.15. Ïóñòü ôóíêöèÿ w(z) ðåãóëÿðíà â îáëàñòèD, à C � ïðîèçâîëüíàÿ ñïðÿìëÿåìàÿ êðèâàÿ, ëåæàùàÿ
â D. Äîêàçàòü, ÷òî äëÿ äëèíû l(C ′) îáðàçà C ′ êðèâîé C ïðè îòîáðàæåíèè w = w(z) ñïðàâåäëèâà
ôîðìóëà l(C ′) =

∫
C

|w′(z)| |dz|.

9.16. Íàéòè äëèíû îáðàçîâ ñëåäóþùèõ êðèâûõ C ïðè óêàçàííûõ îòîáðàæåíèÿõ:

1. C : z = it+ 1, 0 ≤ t ≤ 1; w = z2. 3. C : z = it, 0 ≤ t ≤ 6π; w = ez.

4. C : z = (1 + i)t, 0 ≤ t ≤ 2π; w = ez. 6. C : z = eit, 0 ≤ t ≤ 2π; w =
1

2

(
z +

1

z

)
.

9.17. Íàéòè ïëîùàäè îáðàçîâ îáëàñòåé D ïðè óêàçàííûõ îòîáðàæåíèÿõ:

1. D :
{
2 < |z| < 3, | arg z| < π

4

}
; w = z2. 2. D : {0 < Re z < 1, | Im z| < π} ; w = ez.

3. D: êâàäðàò ñ âåðøèíàìè â òî÷êàõ 0, 1, i+ 1, i; w = z−1
z+1

.

4 Êîíôîðìíûå îòîáðàæåíèÿ. Äðîáíî-ëèíåéíàÿ ôóíêöèÿ.

32.01. Âûÿñíèòü, îäíîëèñòíû ëè ôóíêöèè f(z) â óêàçûâàåìûõ îáëàñòÿõ D:

1. f(z) =
az + b

cz + d
D : {|z| < ∞} , ad− bc ̸= 0. 2. f(z) = z2 D :

{
1 < |z| < 2, 0 < arg z <

3π

2

}
.

3. f(z) = z +
1

z
D : {|z| < 1} . 4. f(z) = ez D : {|z| < 4} . 7. f(z) = z +

1

z
D :

{
|z − i| <

√
2
}
.

5. f(z) = z2 D :

{
3 < |z + 2| < 4, 0 < arg(z + 2) <

3π

2

}
. 6. f(z) = ez D :

{∣∣∣Re [(1 + i)z]
∣∣∣ < π

}
.

35.03. Íàéòè îáðàç êðóãà |z − 1| < 2 ïðè ñëåäóþùèõ îòîáðàæåíèÿõ:

1. w = 1− 2iz. 2. w =
2iz

z + 3
. 3. w =

z + 1

z − 2
. 4. w =

z − 1

2z − 6
.
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35.04. Íàéòè îáðàç ïîëóïëîñêîñòè Re z < 1 ïðè ñëåäóþùèõ îòîáðàæåíèÿõ:

1. w = (1 + i)z + 1. 2. w =
z

z − 1 + i
. 3. w =

z

z − 2
. 4. w =

4z

z + 1
. 5. w =

z − 3 + i

z + 1 + i
.

35.05. Íàéòè îáðàçû óêàçàííûõ îáëàñòåé D ïðè óêàçàííûõ îòîáðàæåíèÿõ:

1. D : {|z| < 1, Im z > 0} , w =
1− z

1 + z
. 2. D : {z /∈ [−2, 1]} , w =

z + 2

1− z
.

3. D : {|z − i| > 1, Im z > 0} , w =
1

z
. 4. D : {1 < |z| < 2} , w =

2

z − 1
.

35.13. Íàéòè îáðàçû óêàçàííûõ îáëàñòåé D ïðè óêàçàííûõ îòîáðàæåíèÿõ:

3. D : {|z| < 1, Im z > 0} , w = z
3
2 , w

(
i

2

)
=

1− i

4
. 5. D :

{
| arg z| < π

8
, z /∈ [0, 1]

}
, w = z8.

35.14. Íàéòè êàêèå-ëèáî ôóíêöèè w(z), îñóùåñòâëÿþùèå êîíôîðìíûå îòîáðàæåíèÿ îáëàñòåé, èçîá-
ðàæåííûõ íà ðèñ. 37, 38, 39, 43, 44, 46, 51 íà ïîëóïëîñêîñòü Imw > 0.

5 Êîíôîðìíûå îòîáðàæåíèÿ. Ôóíêöèÿ Æóêîâñêîãî.

35.19. Íàéòè îáðàçû ñëåäóþùèõ îáëàñòåé ïðè îòîáðàæåíèè ôóíêöèåé w = 1
2

(
z + 1

z

)
:

1. |z| > 2. 2. |z| < 1

2
. 3.

π

4
< arg z <

3π

4
. 4.

π

4
< arg z <

3π

4
, z /∈ [0, i]. 5. |z| < 1, z /∈ [0, 1].

35.20. Íàéòè îáðàçû ñëåäóþùèõ îáëàñòåé ïðè îòîáðàæåíèè ôóíêöèåé w = z+
√
z2 − 1 (z = x+ iy):

1. D :

{
x2

a2
+

y2

a2 − 1
> 1

}
, (a > 1), w(∞) = 0. 2. D :

{
x2

a2
− y2

1− a2
< 1

}
, (0 < a < 1), w(0) = i.

3. D : {z /∈ [−∞,−1], z /∈ [1,+∞]} , w(0) = i. 4. D : {z /∈ [−1, 1]} , w(∞) = ∞.

5. D : {Im z > 0} , w(+i∞) = 0.

35.21. Äîêàçàòü, ÷òî îáðàçîì îáëàñòè |z − ih| >
√
1 + h2 ïðè îòîáðàæåíèè w = 1

2

(
z + 1

z

)
ÿâëÿåòñÿ

âñÿ ïëîñêîñòü w ñ ðàçðåçîì ïî äóãå îêðóæíîñòè, èìåþùåé êîíöû â òî÷êàõ w = ±1 è ïðîõîäÿùåé ÷åðåç
òî÷êó w = ih.

35.22. Íàéòè êàêèå-ëèáî ôóíêöèè w(z), îñóùåñòâëÿþùèå êîíôîðìíûå îòîáðàæåíèÿ îáëàñòåé, èçîá-
ðàæåííûõ íà ðèñ. 55, 56, 59, 63,64, 67 íà ïîëóïëîñêîñòü Imw > 0.

35.23. Íàéòè êàêèå-ëèáî ôóíêöèè w(z), îñóùåñòâëÿþùèå êîíôîðìíûå îòîáðàæåíèÿ îáëàñòåé, èçîá-
ðàæåííûõ íà ðèñ. 72, íà êðóã |w| < 1.

6 Êîíôîðìíûå îòîáðàæåíèÿ. Ôóíêöèè exp(z) è ln(z).

35.28. Íàéòè îáðàçû ñëåäóþùèõ îáëàñòåé D ïðè îòîáðàæåíèÿõ, óêàçûâàåìûìè ôóíêöèÿìè:

1. D : {−π < Im z < 0} , w = ez. 2. D : {| Im z| < π} , w = ez.

3. D :
{
| Im z| < π

2

}
, w = ez. 4. D : {0 < Im z < 2π, Re z > 0} , w = ez.

5. D :
{
0 < Im z <

π

2
, Re z > 0

}
, w = e2z. 6. D : {0 < Re z < π, Im z > 0} , w = eiz.

7. D : {z /∈ [0,+∞]} , w = ln z, w(−1) = −iπ. 8. D : {Im z > 0} , w = ln z, w(i) =
iπ

2
.

35.29. Íàéòè êàêèå-ëèáî ôóíêöèè w(z), îñóùåñòâëÿþùèå êîíôîðìíûå îòîáðàæåíèÿ îáëàñòåé, èçîá-
ðàæåííûõ íà ðèñ. 76, 79, 80, 82, 84, 86, 88 íà ïîëóïëîñêîñòü Imw > 0.

35.30. Íàéòè êàêèå-ëèáî ôóíêöèè w(z), êîíôîðìíî îòîáðàæàþùèå îáëàñòè, èçîáðàæåííûå íà ðèñ.
93, 96, 97 íà ïîëîñó 0 < Imw < 1.
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7 Òåîðåìà Êîøè. Èíòåãðàë òèïà Êîøè. Ðÿä Òåéëîðà.

10.23. Ñ ïîìîùüþ èíòåãðàëüíîé ôîðìóëû Êîøè âû÷èñëèòü èíòåãðàëû (âñå îêðóæíîñòè îáõîäÿòñÿ
ïðîòèâ ÷àñîâîé ñòðåëêè):

1.

∫
|z+i|=3

sin z
dz

z + i
. 8.

∫
|z|=r

dz

(z − a)n(z − b)
(|a| < r < |b|, n = 1, 2, . . .).

7.

∫
∂D

ez dz

z(1− z)3

(
D : à) |z| < 1

2
; á) |z| < 3

2
; â) |z − 1| < 1

2

)
.

10.23a. Ñ ïîìîùüþ èíòåãðàëüíîé ôîðìóëû Ãðèíà âû÷èñëèòü ñëåäóþùèå èíòåãðàëû ïî çàìêíóòîìó
êîíòóðó, îãðàíè÷èâàþùåìó îäíîñâÿçíóþ îáëàñòü, ïëîùàäü êîòîðîé ðàâíà S:

1.

∫
∂S

Re z dz. 2.

∫
∂S

Im z dz. 3.

∫
∂S

z̄ dz.

6.20. Íàéòè ðàäèóñû ñõîäèìîñòè ñëåäóþùèõ ñòåïåííûõ ðÿäîâ:

3.
∞∑
n=0

zn

(n!)α
, α > 0. 4.

∞∑
n=1

nn

n!
zn. 5.

∞∑
n=1

(2n)!

(n!)2
zn.

6.21. Ïóñòü ðàäèóñ ñõîäèìîñòè ñòåïåííîãî ðÿäà
∞∑
n=0

cnz
n ðàâåí R. Íàéòè ðàäèóñ ñõîäèìîñòè ñëåäó-

þùèõ ñòåïåííûõ ðÿäîâ:

1.
∞∑
n=0

cmn z
n (m = 1, 2 . . .). 2.

∞∑
n=0

cnz
mn (m = 1, 2 . . .).

11.01. Íåïîñðåäñòâåííûì âû÷èñëåíèåì f (n)(0) äîêàçàòü ñëåäóþùèå ôîðìóëû, ñïðàâåäëèâûå äëÿ
âñåõ z:

2. eaz =
∞∑
n=0

eaz0
an

n!
(z − z0)

n.

11.04. Íàéòè ðàçëîæåíèå ñëåäóþùèõ ôóíêöèé â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè z = 0:

1.
1

(1 + z)2
. 2.

1

(1− z2)2
. 3.

1

(1 + z3)2
. 4.

1

(1− z6)3
.

11.05. Ðàçëîæèòü â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè z = 0 ñëåäóþùèå ðàöèîíàëüíûå ôóíêöèè
(íàéòè ðàäèóñ ñõîäèìîñòè ðÿäà):

2.
2z − 5

z2 − 5z + 6
. 3.

z

(z2 + 1)(z2 − 4)
.

11.06. Ðàçëîæèòü â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè z = 0 ñëåäóþùèå ôóíêöèè: 1.
1

1 + z + z2
.

11.10. Íàéòè ðàçëîæåíèå â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè z = 0 ñëåäóþùèõ ôóíêöèé: 3.
1√

1− z3
.
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8 Ðÿä Ëîðàíà. Îñîáûå òî÷êè.

19.01. Äîêàçàòü, ÷òî òî÷êà z = a ÿâëÿåòñÿ óñòðàíèìîé îñîáîé òî÷êîé äëÿ ñëåäóþùèõ ôóíêöèé:

1.
z2 − 1

z − 1
(a = 1). 2.

sin z

z
(a = 0). 3.

z

tg z
(a = 0).

5. ctg z − 1

z
(a = 0). 6.

1

ez − 1
− 1

sin z
(a = 0). 8.

z2 − 1

z3 + 1
(a = ∞).

19.02. Äîêàçàòü, ÷òî òî÷êà z = a ÿâëÿåòñÿ ïîëþñîì ñëåäóþùèõ ôóíêöèé (îïðåäåëèòü ïîðÿäîê
ïîëþñà):

1.
1

z
(a = 0). 2.

1

(z2 + 1)2
(a = i). 3.

z2 + 1

z + 1
(a = ∞). 4.

z

1− cos z
(a = 0).

5.
z

(ez − 1)2
(a = 0). 6. ctg

π

z
(a = ∞). 7.

z

ez + 1
(a = πi).

19.07. Äîêàçàòü, ÷òî òî÷êà z = a ÿâëÿåòñÿ ñóùåñòâåííî îñîáîé òî÷êîé ôóíêöèé:

1. ez (a = ∞). 2. e−z2 (a = ∞). 3. sin
π

z2
(a = 0). 4. z2 cos

π

z
(a = 0).

6. sin(ez) (a = ∞). 7. cos
z

z + 1
(a = −1). 8. sin

π

z2 + 1
(a = −i).

19.08. Íàéòè âñå èçîëèðîâàííûå îñîáûå òî÷êè îäíîçíà÷íîãî õàðàêòåðà äëÿ ñëåäóþùèõ ôóíêöèé è
îïðåäåëèòü èõ âèä:

1.
z

sin z
. 5. ctg z − 1

z
.

20.01. Íàéòè ìíîæåñòâà òî÷åê z, â êîòîðûõ ñõîäÿòñÿ ñëåäóþùèå ðÿäû Ëîðàíà:

1.
∞∑

n=−∞

2−|n|zn. 2.
∞∑

n=−∞

zn

3n + 1
. 8.

∞∑
n=−∞

2nzn.

20.06. Îïèðàÿñü íà ôîðìóëó äëÿ ñóììû áåñêîíå÷íîé ãåîìåòðè÷åñêîé ïðîãðåññèè, à òàêæå èñïîëüçóÿ
äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå, äîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùèõ ôîðìóë:

5.
1

z − b
=

−1∑
n=−∞

(z − a)n

(b− a)n+1
; a ̸= b, |z − a| > |b− a|.

20.08. Ðàçëîæèòü ôóíêöèè â ðÿä Ëîðàíà ïî ñòåïåíÿì z â êîëüöå 1 < |z| < 2:

1.
1

(z + 1)(z − 2)
. 3.

z

(z2 + 1)(z + 2)
.

20.09. Ñëåäóþùèå ôóíêöèè ðàçëîæèòü â ðÿä Ëîðàíà ïî ñòåïåíÿì z−a â êîëüöå D (òî÷êà a è êîëüöî
D óêàçàíû â ñêîáêàõ):

1.
1

z(z − 3)2
(a = 1, D : 1 < |z − 1| < 2). 2.

1

(z2 − 9)z2
(a = 1, D : 1 < |z − 1| < 2).

5.
1

z(z − 1)(z − 2)

(
a = 0, −3

2
∈ D

)
. 8.

1

(z2 − 1)(z2 + 4)
(a = 0, D : |z| > 2).
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9 Âû÷åòû ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî.

21.02. Íàéòè âû÷åòû ñëåäóþùèõ ôóíêöèé âî âñåõ èõ êîíå÷íûõ îñîáûõ òî÷êàõ:

1.
1

z + z3
. 2.

z2

1 + z4
. 3.

z2

(1 + z)3
. 4.

1

(z2 + 1)3
. 5.

1

(z2 + 1)(z − 1)2
.

7.
1

sin πz
. 8. ctg πz. 10. cth2 πz. 11.

cos z

(z − 1)2
. 12.

1

ez + 1
.

21.03. Íàéòè âû÷åòû ñëåäóþùèõ ôóíêöèé â áåñêîíå÷íîñòè:

1.
z4 + 1

z6 − 1
. 2. cosπ

z + 2

2z
. 3.

sin 1
z

z − 1
. 4.

cos2 πz
z + 1

. 5.
(z10 + 1) cos 1

z
(z5 + 2)(z6 − 1)

. 6. z cos2
π

z
.

21.09. Íàéòè âû÷åòû ñëåäóþùèõ ôóíêöèé âî âñåõ èõ îñîáûõ òî÷êàõ è â áåñêîíå÷íîñòè:

1.
1

z6(z − 2)
. 2.

1 + z8

z6(z + 2)
. 3.

1 + z10

z6(z2 + 4)
. 6.

cos z

(z2 + 1)2
. 8.

sin z

(z2 + 1)2
.

21.10. Âû÷èñëèòü:

2. res
z=0

sin 3z − 3 sin z

sin z(sin z − z)
. 4. res

z=0

zn−2

shn z
. 6. res

z=0

z

ch z − 1− z2
2

.

21.12. Íàéòè âû÷åòû äëÿ êàæäîé âåòâè, ðåãóëÿðíîé â íåêîòîðîé îêðåñòíîñòè òî÷êè z0 (èñêëþ÷àÿ,
âîçìîæíî, åå ñàìó):

1. res
z=0

z + 3

4πi− ln(1 + z)
. 2. res

z=∞
ln

z − 1

z + 1
. 3. res

z=1

z

2 +
√
5− z

.

4. res
z=0

z√
4− z2 + 2

. 5. res
z=∞

√
(z − 1)(z − 2). 6. res

z=∞

3
√
2z2 − z3

z + 3
.

10 Âû÷èñëåíèå èíòåãðàëîâ ïî çàìêíóòîìó êîíòóðó.

22.01. Âû÷èñëèòü èíòåãðàëû:

1.

∫
∂D

dz

1 + z4
(D : |z−1| < 1). 2.

∫
∂D

dz

(z − 1)2(z2 + 1)
(D : |z−1−i| < 2). 5.

∫
∂D

z

z + 3
e

1
3z dz (D : |z| > 4).

3.

∫
∂D

sin z

(z + 1)3
dz

(
D : x

2
3 + y

2
3 < 2

2
3 ) 4.

∫
∂D

dz

(z2 − 1)2(z − 3)2
(D : 2 < |z| < 4).

22.02. Âû÷èñëèòü èíòåãðàëû:

1.

∫
∂D

dz

z3(z10 − 2)
(D : |z| < 2). 3.

∫
∂D

z3

z4 − 1
dz (D : |z| < 2). 6.

∫
∂D

z sin
z + 1

z − 1
dz (D : |z| < 2).

8.

∫
∂D

e
1

1−z
dz

z
(D : |z − 2|+ |z + 2| < 6).

22.05.Ïðîâåðèòü, ÷òî ìíîãîçíà÷íûå àíàëèòè÷åñêèå ôóíêöèè, ñòîÿùèå ïîä çíàêîì èíòåãðàëà, äîïóñ-
êàþò âûäåëåíèå â îáëàñòè D îäíîçíà÷íîé âåòâè, óäîâëåòâîðÿþùåé çàäàííûì óñëîâèÿì, è âû÷èñëèòü
èíòåãðàë îò ýòîé âåòâè.

5.

∫
∂D

z + 2

z + ln(1− z)
dz

(
D : |z + 2| < 5

2

)
, (ln(1− z)|z=1−e = 1).
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28.03. Âû÷èñëèòü èíòåãðàëû:

3.

∞∫
−∞

dx

x2 − 2ix− 2
. 8.

∞∫
−∞

x2 dx

(x2 + 4ix− 5)2
. 9.

∞∫
0

x2 dx

(x2 + a2)3
, a > 0. 10.

∞∫
0

x6 dx

(x4 + a4)2
, a > 0.

11 Ëåììà Æîðäàíà. Èíòåãðàëû ñ îñîáåííîñòüþ íà ïóòè èíòå-

ãðèðîâàíèÿ.

28.05. Âû÷èñëèòü èíòåãðàëû:

1.

∞∫
−∞

(x− 1)eix

x2 − 2x+ 2
dx. 5.

∞∫
−∞

(x+ 1)e−3ix

x2 − 2x+ 5
dx. 6.

∞∫
−∞

e−ix dx

x4 + 8x2 + 16
. 8.

∞∫
−∞

cosx dx

(x2 + 2ix− 2)2
.

9.

1+i∞∫
1−i∞

etz dz

z2 + 1
, t > 0. 11.

i∞∫
−i∞

etz dz

(z2 − 1)2
; à) t > 0; á) t < 0; â) t = 0.

28.07. Âû÷èñëèòü èíòåãðàëû:

1.

∞∫
−∞

(x+ 1) sin 2x

x2 + 2x+ 2
dx. 3.

∞∫
−∞

(x3 + 5x) sin x

x4 + 10x2 + 9
dx. 5.

∞∫
−∞

(x− 1) cos 2x

x2 − 4x+ 5
dx.

7.

∞∫
−∞

x cos x

x2 − 2x+ 10
dx. 12.

∞∫
0

cos ax

(x2 + b2)2
dx, a > 0, Re b > 0.

28.09. Âû÷èñëèòü èíòåãðàëû:

1. v.p.

∞∫
−∞

dx

(x2 + a2)(x− ξ)
, a > 0,−∞ < ξ < ∞. 5.

∞∫
0

1− cosαx

x2
dx, α > 0.

6.

∞∫
0

(
sin x

x

)3

dx. 10.

∞∫
0

sin2 ax dx

x2(x2 + b2)
, a > 0, Re b > 0.

12 Èíòåãðàëû îò ìíîãîçíà÷íûõ ôóíêöèé.

28.15. Âû÷èñëèòü èíòåãðàëû:

1.

π∫
−π

dφ

5 + 3 cosφ
. 3.

2π∫
0

cos2 φdφ

13 + 12 cosφ
. 4.

π∫
0

cos4 φdφ

1 + sin2 φ
. 5.

π∫
0

ctg(φ− ia) dφ, a > 0.

7.

π∫
−π

sin2 φdφ

1− 2a cosφ+ a2
; à) a > 1; á) − 1 < a < 1; â) a = 1.

28.22. Âû÷èñëèòü èíòåãðàëû:

2.

∞∫
0

dx

(x+ i)
√
x
. 3.

∞∫
0

dx

(x2 + 4) 3
√
x
. 5.

∞∫
0

cos(ln x)

x2 + 1
dx. 9.

∞∫
0

xa−1 dx

(x+ 1)(x+ 2)(x+ 3)
, 0 < Re a < 3.
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28.29. Âû÷èñëèòü èíòåãðàëû:

2.

∞∫
0

lnx dx
3
√
x(x+ 1)2

. 3.

∞∫
0

lnx dx

(x2 + 1)
√
x
. 12. v.p.

∞∫
0

xα−1 lnx

x− a
dx, a > 0, 0 < Reα < 1.

13.

∞∫
0

lnx dx

x2 + a2
, Re a > 0. 15.

∞∫
0

ln2 x dx

x2 + a2
, Re a > 0.

28.25. Âû÷èñëèòü èíòåãðàëû:

1.

2∫
0

√
x(2− x)

x+ 3
dx. 4.

1∫
−1

√
1− x2

x2 + 1
dx. 13.

2∫
0

5
√

x2(2− x)3 dx.

28.19. Âû÷èñëèòü èíòåãðàë:

1.

∞∫
−∞

eax dx

ex + 1
, 0 < Re a < 1.

29.11. Âû÷èñëèòü èíòåãðàë:

2.

∞∫
0

lnx dx

x2 + 2x+ 2
.

13 Îïåðàöèîííîå èñ÷èñëåíèå.

511. Ïðîâåðèòü, êàêèå èç óêàçàííûõ ôóíêöèé ÿâëÿþòñÿ ôóíêöèÿìè-îðèãèíàëàìè:

a. f(t) = btη(t), b > 0, b ̸= 1; v. f(t) =
1

t− 3
η(t); d. f(t) = ch(3− i)tη(t);

e. f(t) = tg(t)η(t); g. f(t) = ttη(t).

516. Ìîæåò ëè ôóíêöèÿ F (p) = 1
cos p

ñëóæèòü èçîáðàæåíèåì íåêîòîðîãî îðèãèíàëà?
Íàéòè èçîáðàæåíèÿ ñëåäóþùèõ ôóíêöèé:
528. f(t) = sin4 t. 529. f(t) = cosmt cosnt. 546v. f(t) = sin2 t

t
. 547b. f(t) = cos t−cos 2t

t
.

Âû÷èñëèòü èíòåãðàë:

552.
∞∫
0

A exp(−αt)+B exp(−βt)+C exp(−γt)+D exp(−δt)
t

dt, A+B + C +D = 0, α > 0, β > 0, γ > 0, δ > 0.

Íàéòè èçîáðàæåíèå ñëåäóþùèõ ïåðèîäè÷åñêèõ ôóíêöèé:
581. f(t) = | sin t|. 582. f(t) = | cos t|.
Íàéòè èçîáðàæåíèå ñëåäóþùåé ôóíêöèè:

592.
t∫
0

(t− τ)nf(τ) dτ.

597. Ôóíêöèè Áåññåëÿ ïîðÿäêà n îïðåäåëÿþòñÿ êàê ñóììà ðÿäà

Jn(t) =
+∞∑
k=0

(−1)k
t2k+n

k!(k + n)!22k+n
, n = 0, 1, 2, ...,

ïîêàçàòü, ÷òî
a.

J0(t) :
1√

p2 + 1
;

b.

t
n
2 Jn(2

√
t) : 1

pn+1
e−

1
p .
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599. Ïîëèíîìû Ëàãåððà îïðåäåëÿþòñÿ ôîðìóëîé

Ln(t) =
et

n!

dn

dtn
(
tne−t

)
, n = 0, 1, 2, ...

Ïîêàçàòü, ÷òî

Ln(t) :
1

p

(
1− 1

p

)n

600. Íàéòè èçîáðàæåíèå ôóíêöèè f(t) = ln t.
601. Ïîêàçàòü, ÷òî

erf(
√
t) : 1

p
√
p+ 1

,

ãäå ôóíêöèÿ îøèáîê îïðåäåëÿåòñÿ ôîðìóëîé

erf(t) =
2√
π

∫ t

0

dτe−τ2 .

603. Ïîêàçàòü, ÷òî
+∞∑
n=0

Ln(t)

n!
= eJ0(2

√
t).

606. Ïîêàçàòü, ÷òî
+∞∑
n=0

Ln(t)

2n+1
= e−t, t > 0.

Äëÿ äàííûõ èçîáðàæåíèé íàéòè îðèãèíàëû

609. F (p) =
2e−p

p3
. 612. F (p) =

e−3p

p+ 3
. 613. F (p) =

1

p2 + 4p+ 5
. 619. F (p) =

2p3 + p2 + 2p+ 2

p5 + 2p4 + 2p3
.

622. F (p) =
n!

p(p+ 1)(p+ 2)...(p+ n)
. 630. F (p) =

e−p

p2 − 2p+ 5
+

pe−2p

p2 + 9
.

Ðåøèòü ñëåäóþùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ïðè çàäàííûõ íà÷àëüíûõ óñëîâèÿõ:

655. x
′′
+ 2x

′ − 3x = e−t, x(0) = 0, x
′
(0) = 1. 657. x

′′
+ 2x

′
= t sin t, x(0) = 0, x

′
(0) = 0.

742. Ðåøèòü óðàâíåíèå:
tx

′′
+ (2t− 1)x

′
+ (t− 1)x = 0.

747. Ðåøèòü óðàâíåíèå ×åáûøåâà-Ýðìèòà

x
′′ − tx

′
+ nx = 0, n = 1, 2, ...

a. x(0) = 1, x
′
(0) = 0, n = 2k;

b. x(0) = 0, x
′
(0) = 1, n = 2k + 1.

Ðåøèòü èíòåãðàëüíûå óðàâíåíèÿ:

785. ϕ(t) = t+

∫ t

0

sin(t− τ)ϕ(τ)dτ ;

799.

∫ t

0

J0(t− τ)ϕ(τ)dτ = sin t.
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Çàäà÷è äëÿ ïðàêòè÷åñêèõ çàíÿòèé

1. 1.04(1-4,6), 1.06(1,2,3,6,9), 1.13(1-6,10,11), 1.21(1,4).
2. 8.01(3,4,7), 8.01a(1), 8.02(1), 8.08(4,5), 8.23(1,4), 8.30(2), 8.31(1), 8.51(1,6).
3. 9.06(1,4), 9.09(1,5), 9.16(1,4), 9.17(1,3).
4. 32.01(2), 35.03(1), 35.04(2,3), 35.05(1,3), 35.14(37,39,44).
5. 32.01(3), 35.19(1,3), 35.20(1), 35.22(56,59).
6. 32.01(4), 35.28(1,5,8), 35.29(76,79,82), 35.30(96).
7. 10.23a(1), 10.23(1,7), 6.20(4), 6.21(2), 11.04(1,3), 11.05(3), 11.06(1).
8. 19.01(1,2,6,8), 19.02(1,2,3,5), 19.07(1,3,7), 19.08(1,5), 20.01(2), 20.08(1), 20.09(1).
9. 21.02(1,2,3,7,11,12), 21.03(1,2,4), 21.09(1,2,6), 21.12(1,3,5,6).
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